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Abstract We provide arigorous derivation of the Brownian motion as the limit
of a deterministic system of hard-spheres as the number of particles N goes to
infinity and their diameter ¢ simultaneously goes to 0, in the fast relaxation limit
o = Ned=! — 0o (with a suitable diffusive scaling of the observation time).
As suggested by Hilbert in his sixth problem, we rely on a kinetic formulation
as an intermediate level of description between the microscopic and the fluid
descriptions: we use indeed the linear Boltzmann equation to describe one
tagged particle in a gas close to global equilibrium. Our proof is based on the
fundamental ideas of Lanford. The main novelty here is the detailed study of the
branching process, leading to explicit estimates on pathological collision trees.

1 Introduction
1.1 From microscopic to macroscopic models
We are interested here in describing the macroscopic behavior of a gas consist-

ing of N interacting particles of mass 7 in a domain D of R?, with positions
and velocities (x;, v;)1<i<y € (D x Rd)N , the dynamics of which is given by
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dx,- dv,' 1 Xi — Xj
= v, L __ Vq;( ) 1.1
dt vi " dt 8; g (1D

for some compactly supported potential ®, meaning that the scale for the
microscopic interactions is typically e. We shall actually mainly be interested
in the case when the interactions are pointwise (hard-sphere interactions): the
presentation of that model is postponed to Sect. 2, see (2.1), (2.2).

In the limit when N — 00, ¢ — 0 with Ne? = 0(1), itis expected that the
distribution of particles averages out to a local equilibrium. The microscopic
fluxes in the conservations of empirical density, momentum and energy should
therefore converge to some macroscopic fluxes, and we should end up with
a macroscopic system of equations (depending on the observation time and
length scales). However the complexity of the problem is such that there is
no complete derivation of any fluid model starting from the full deterministic
Hamiltonian dynamics, regardless of the regime (we refer to [20,36,38] for
partial results obtained by adding a small noise in the microscopic dynamics).

For rarefied gases, i.e. under the assumption that there is asymptotically
no excluded volume Ne? « 1, Boltzmann introduced an intermediate level
of description, referred to as kinetic theory, in which the state of the gas is
described by the statistical distribution f of the position and velocity of a
typical particle. In the Boltzmann-Grad scaling @ = Ne~! = 0(1), we
indeed expect the particles to undergo « collisions per unit time in average
and all the correlations to be negligible. Therefore, depending on the initial
distribution of positions and velocities in the 2d N -phase space, the 1-particle
density f should satisfy a closed evolution equation where the inverse mean
free path o measures the collision rate.

In the fast relaxation limit « — o0, we then expect the system to relax
towards local thermodynamic equilibrium, and the dynamics to be described
by some macroscopic equations (depending on the observation time and length
scales).

One of the major difficulties to achieve this program (Fig. 1) using kinetic
models as an intermediate description is to justify the low density limit
o = Ne4~! on time intervals independent of «. Note that this step is also
the most complicated one from the conceptual viewpoint as it should explain
the appearance of irreversibility, and dissipation mechanisms.

The best result concerning the low density limit, which is due to Lanford in
the case of hard-spheres [28] and King [26] for more general potentials (see
also [13,21,44] for a complete proof) is indeed valid only for short times, i.e.
breaks down before any relaxation can be observed. The result may indeed
be stated as follows [21] (see also [37] for less restrictive assumptions on the
potential ®).
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Microscopic description

N>>1, NE'= o
Low density limit

System of N particles of size €
Newton’s equations

Mesoscopic description

d-1 d
Ne ™ >>1, NE <<1 . . . .
Large system of particles with negligible size

Boltzmann’s kinetic equation

o>>1
Fast relaxation limit

Macroscopic description

Continuous fluid
equations of hydrodynamics
(Euler, Navier-Stokes...)

Fig.1 Fluidequations of hydrodynamics can be recovered directly from the microscopic system
or in a two-step limit using Boltzmann’s kinetic equation as a mesoscopic description. Note that
these two procedures may lead to limiting equations with different transport coefficients since
the kinetic equation describes only perfect gases (without excluded volume in the state relation)

Theorem 1.1 Consider a system of N particles interacting

e Either as hard-spheres of diameter ¢

e Orasin(1.1)via a repulsive potential ®, with compact support, radial and
singular at 0, and such that the scattering of particles can be parametrized
by their deflection angle.

Let fy : R¥ > R* be a continuous density of probability such that

foexp (§|v|2)

for some B > 0, u € R

Assume that the N particles are initially distributed according to fy and
“independent”. Then, there exists some T* > 0 (depending only on B and )
such that, in the Boltzmann-Grad limit N — o0, — 0, Ned=! = @, the
distribution function of the particles converges uniformly on [0, T* /o] x R*
to the solution of the Boltzmann equation

< exp(—np)
L®(RYxRY)

b f +v-Vof = aQ(f. ),
0(f. PHv) == / / PN FOD — @) F@)TbO — v, v) duidy

=v+4v- (vl—v)v v =v —v- (v — V), (1.2)

with a locally bounded cross-section b depending on ® implicitly, and with
initial data fy. In the case of a hard-sphere interaction, the cross section is
given by
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b(v—vy,v) = ((v—v1)-v)+.

Here, by “independent”, we mean that the initial N-particle distribution sat-
isfies a chaos property, namely that the correlations vanish asymptotically.
Typically the distribution is obtained by factorization, and conditioning on
energy surfaces (see [21] and references therein). In the case of hard-spheres
for instance, one would have

—1
Iy =2y 18N oy,
with
DY = {(x1,v1, ..., xn, on) € TN xRN /Vi £ j, |xi — x| > ¢}

and

N
N :
FEN Grvn L xwon) = [ ol o),

i=1

while Zy normalizes the integral of f 1(\), to 1.

The main difficulty to prove convergence for longer time intervals consists
in ruling out the possibility of spatial concentrations of the density leading to
some pathological collision process.

1.2 Linear regimes

In this paper, we overcome this difficulty by considering a good notion of
fluctuation around global equilibrium for the system of interacting particles.
In this way we get a complete derivation of the diffusion limit from the hard-
sphere system in a linear regime. Of course, in this framework one cannot hope
to retrieve a model for the full (nonlinear) gas dynamics, but — as far as we
know — this is the very first result describing the Brownian motion as the limit
of a deterministic classical system of interacting particles.

The main difficulty here is to justify the approximation by the linear Boltz-
mann equation

0 + V- Vipy = —a Loy
Loy (v) = //[rpa(v) — 9o (V)] Mg(v1) b(v — v1, v) dvidv

d
Mg(v) == (%)2 exp (—§|v|2) , B>0, (1.3)
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The Brownian motion as the limit... 497

for times diverging as « when « — oo. Indeed, in the diffusive regime, the
convergence of the Markov process associated to the linear Boltzmann operator
L towards the Brownian motion is by now a classical result [27].

2 Strategy and main results

A good notion of fluctuation is obtained by considering the motion of a tagged
particle (or possibly a finite set of tagged particles) in a gas of N particles
initially at equilibrium (or close to equilibrium), in the limit N — oo.

2.1 The Lorentz gas

If the background particles are infinitely heavier than the tagged particle then
the dynamics can be approximated by a Lorentz gas, i.e. by the motion of the
tagged particle in a frozen background. The linear Boltzmann equation has
been derived (globally in time) from the dynamics of a tagged particle in a low
density Lorentz gas, meaning that

e The obstacles are distributed randomly according to some Poisson distri-
bution.

e The obstacles have no dynamics, in particular they do not feel the effect of
collisions with the tagged particle.

This problem, suggested by Lorentz [31] at the beginning of the twentieth
century to study the motion of electrons in metals, is the core of a number of
works, and the corresponding literature includes a large variety of contribu-
tions. We do not intend to be exhaustive here and refer the reader to the book
by Spohn [42, Chapter8] for a survey on this topic. We state one basic result
due to Gallavotti [22] in the low density limit and then indicate some of the
many important research directions.

Theorem 2.1 Consider randomly distributed scatterers with radius ¢ in R?
according to a Poisson distribution of parameter ae'~¢. Let T! be the flow
of a point particle reflected at the boundary of these scatterers. For a given
continuous initial datum fy € L' N L®(R??), we define

f&(t’ X, U) = E[fO(Tg_t(x’ U))]

Then, for any time T > 0, f. converges to the solution f of the linear Boltz-
mann equation (1.3), with hard-sphere cross-section, in L°°([0, T, L'(R?%).

A refinement of this result can be found for instance in [41] in terms of con-
vergence of path measures (and not only of the mean density), as well as in
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498 T. Bodineau et al.

[9] where the convergence is proven for typical scatterer configurations (and
not only in average).
These convergence statements lead naturally to various questions concern-

ing

e The assumptions on the microscopic potential of interaction,

e The role of randomness for the distribution of scatterers,

e The long time behavior of the system, in particular the relaxation towards

thermodynamic equilibrium and hydrodynamic limits.

The first point was addressed by Desvillettes, Pulvirenti and Ricci [16,17].
Their goal was to derive “singular” kinetic equations such as the linear Boltz-
mann equation without angular cut-off or the Fokker-Planck equation, from
a system of particles with long-range interactions. They have obtained partial
results in this direction, insofar as they can consider only asymptotically long-
range interactions. Due to the fact that the range of the potential is infinite in
the limit, the test particle interacts typically with infinitely many obstacles.
Thus the set of bad configurations of the scatterers (such as the set of con-
figurations yielding recollisions) preventing the Markov property of the limit
must be estimated explicitly. Even though the long-range tails add a very small
contribution to the total force for each typical scatterer distribution, the non
grazing collisions generate an exponential instability making the two trajecto-
ries (with and without cut-off) very different. The complete derivation of the
linear Boltzmann equation for long-range interactions is therefore still open.

Itis often appropriate from a physical point of view to consider more general
distributions of obstacles than the Poisson distribution. In particular, in the
original problem of Lorentz, the atoms of metal are distributed on a periodic
network. For the two-dimensional periodic Lorentz gas with fixed scatterer
size, Bunimovich and Sinai [10] have shown the convergence, after a suitable
time rescaling, of the tagged particle to a Brownian motion. Their method
relies on techniques from ergodic theory: it uses the fact that the mapping
carrying a phase point on the boundary of a scatterer to the next phase point
along its trajectory can be represented by a symbolic dynamics on a countable
alphabet which is an ergodic Markov chain on a finite state space. Another
important research direction, initiated by Golse, is to consider the periodic
Lorentz gas in the Boltzmann-Grad limit. In this case there can be infinitely
long free flight paths and the linear Boltzmann equation is no longer a valid
limit [12,23,32,33], but the convergence toward a Brownian motion can be
recovered after an appropriate superdiffusive rescaling [34].

In [18,19], Erdos, Salmhofer and Yau obtained the counterpart of the long
time behavior for random quantum systems. Our approach is closer to their
method than to the ones used for the periodic Lorentz gas (even though the
setting of [19] deals with a fixed random distribution of obstacles and a slightly
different regime, known as weak coupling limit). Their proof is indeed based on
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a careful analysis of Duhamel’s formula in combination with a renormalization
of the propagator and stopping rules to control recollisions. We refer alsoto [14]
for further developments on the quantum case.

2.2 Interacting gas of particles

We adopt here a different point of view, and consider a deterministic system
of N hard-spheres, meaning that the tagged particle is identical to the particles
of the background, interacting according to the same collision laws. In this
paper, we will focus on the case d > 2 (and refer to [43] for results in the
cased = 1).

On the one hand, the problem seems more difficult than the Lorentz gas
insofar as the background has its own dynamics, which is coupled with the
tagged particle. But, on the other hand, pathological situations as described in
[11,12,23] are not stable: because of the dynamics of the scatterers, we expect
the situation to be better since some ergodicity could be retrieved from the
additional degrees of freedom. In particular, there are invariant measures for
the whole system, i.e. the system consisting in both the background and the
tagged particle.

Here we shall take advantage of the latter property to establish global uni-
form a priori bounds for the distribution of particles, and more generally for
all marginals of the N-particle distribution (see Proposition 4.1). This will be
the key to control the collision process, and to prove (like in Kac’s model [25]
for instance) that dynamics for which a very large number of collisions occur
over a short time interval, are of vanishing probability.

Note that a similar strategy, based on the existence of the invariant measure,
was already used by van Beijeren, Lanford, Lebowitz and Spohn [7,30] to
derive the linear Boltzmann equation for long times.

Let us now give the precise framework of our study. As explained above, the
idea is to improve Lanford’s result by considering fluctuations around some
global equilibrium. Locally the N-particle distribution fx should therefore
look like a conditioned tensorized Maxwellian.

In the sequel, we shall focus on the case of hard-sphere dynamics (with
mass m = 1) to avoid technicalities due to artificial boundaries and cluster
estimates. We shall further restrict our attention to the case when the domain
is periodic D = T¢ = [0, 11¢ (d > 2).

The microscopic model is therefore given by the following system of ODEs:

dx; dv;
%Zvi, dtl =0 aslongas |[x;(t)—x;(t)]>¢ for 1 <i#j<N,
2.1)
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with specular reflection after a collision

1
vt = v - 8—2(01 —v) - (X —xj)(x; —x;)()

1
Vi) =vit7) + S_Q(Ui —v;) - (g —xj)(x —x;)(E)

if [x; (1) — x; ()| = e. 2.2)
In the following we denote, for 1 < i < N, z; := (x;,v;) and Zy =
(z1,...,zy). With a slight abuse we say that Zy belongs to TN x R4V
if Xy = (x1,...,xn) belongs to T¢N and Vy := (vi,...,vyN) to R4V,

Recall that the phase space is denoted by
DY :={Zy e TN xRN /Vi £ j, |xi —x;] > &}

We now distinguish pre-collisional configurations from post-collisional ones
by defining for indexes 1 <i # j < N

aDNE(, j)::{ZN eTIN xR /|x; — xjl=¢, +Wi—v})  (xi—x;)>0

and V(k, €) € [1, NI2\{(i, D))?, |xx — x¢| > e}.

Given Zy on 8D£V+(i, J), we define Z; € aDév_(i, J) as the configuration
having the same positions (xx)1<k<n, the same velocities (vg)xx;,; for non
interacting particles, and the following pre-collisional velocities for particles
i and j

v = — 8—2(vi —vj) - (i —x;)(x — xj)

%

1
V= + 8—2(v,~ —v)) - (0 —x)) (X — xj).

Defining the Hamiltonian
| N
Hy (V) i= 5 Zl) Jvi .
1=

we consider the Liouville equation in the 2N d-dimensional phase space DY
O fn +{HN, [N} =0 (2.3)
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The Brownian motion as the limit... 501

with specular reflection on the boundary, meaning that if Zy belongs
to dDNT (i, j) then

NG, Zy) = fn(t, Zy). (2.4)

We recall, as shown in [1] for instance, that the set of initial configurations

leading to ill-defined characteristics (due to clustering of collision times, or

collisions involving more than two particles) is of measure zero in Dév .
Define the Maxwellian distribution by

s %
M?S(Vs) = HMﬂ(vi) and Mg(v) = (%) exp (—§|U|2) . (25

i=l

An obvious remark is that Mg is a stationary solution of (1.2), and any func-
tion of the energy fy = F(Hy) is a stationary solution of the Liouville
equation (2.3). In particular, for 8 > 0, the Gibbs measure with distribution
in TN x RN defined by

dN

1 T
My p(ZN) = Zy (%) exp(=BHN(VN)) 1py (Zn)

1
= - Loy (ZN)MEN (V) (2.6)

where the partition function Zy is the normalization factor

Zy:= / Loy (ZNMEN (Vi) dZy = / [T tws=edXn,
TdN xR4N TdN o
I<i#j<N

2.7)

and is an invariant measure for the gas dynamics.

In order to obtain the convergence for long times, a natural idea is to
“weakly” perturb the equilibrium state My g, by modifying the distribution
of one particle. In other words, we shall describe the dynamics of a tagged
particle in a background initially at equilibrium. Actually this is the reason
for placing the study in a bounded domain, in order for My g to be integrable
in the whole phase space. Moreover we have restricted our attention to the
case of a torus in order to avoid pathologies related to boundary effects, and
complicated free dynamics.

The strategy of perturbating M g is classical in probability theory; follow-
ing this strategy
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502 T. Bodineau et al.

e we lose asymptotically the nonlinear coupling: we thus expect to get a
linear equation for the distribution of the tagged particle;

e we also lose the feedback of the tagged particles on the background: since
this background is constituted of N > 1 indistinguishable particles, the
momentum and energy exchange with the tagged particle has a very small
effect on each one of these indistinguishable particles and thus does not
modify on average the background distribution. As a consequence, the
limiting equation for the distribution of the tagged particle should be non
conservative.

What we shall actually prove is that the limiting dynamics is governed by the
linear Boltzmann equation (1.3) with hard-sphere cross-section.

2.3 Main results

For the sake of simplicity, we consider only one tagged particle which will be
labeled by 1 with coordinates z; = (x1, v1). The initial data is a perturbation of
the equilibrium density (2.6) only with respect to the position x; of the tagged
particle. Consider p° a continuous density of probability on T¢ and define

FI(Zy) == My g(Zn)p°(x1). (2.8)

Note that the distribution £ is normalized by 1 in L' (T4 x RYV) thanks to
the translation invariance of T¢ and that de p(x)dx = 1.
The main result of our study is the following statement.

Theorem 2.2 Consider the initial distribution f,(\), defined in (2.8). Then the
distribution fli,l)(t, X, v) of the tagged particle is close to Mg(v)py(t, X, v),
where @, (t, x, v) is the solution of the linear Boltzmann equation (1.3) with
initial data p°(x1) and hard-sphere cross section. More precisely, for allt > 0
and all o > 1, in the limit N — oo, N9 la~! = 1, one has

[0t 0) = Mp )9t 2 0) | gy <C | ——— |
(loglog N) 7
(2.9)

where A > 2 can be taken arbitrarily large, and C depends on A, B, d
and || p°|| .

In [7,30], the linear Boltzmann equation was derived for any time ¢ > O (inde-
pendent of N). In comparison, our approach leads to quantitative estimates on
the convergence up to times diverging when N — oo. As we shall see, this
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is the key to derive the diffusive limit in Theorem 2.3. Theorem 2.2 proves
that the linear Boltzmann equation is a good asymptotics of the hard-sphere
dynamics, even for large concentrations « and long times ¢. It further provides
a rather good estimate on the approximation error. Up to a suitable rescaling
of time, we can therefore obtain diffusive limits.

In the macroscopic limit, the trajectory of the tagged particle is defined by

B(r) := x(at) € T (2.10)

The distribution of () is given by f ]E,l)(ozt, x, v). In the following, T repre-
sents the macroscopic time scale.

Theorem 2.3 Consider N hard spheres on the space T¢ x R¢, initially distrib-
uted according to f 1(\), defined in (2.8). Assume that p° belongs to CO(T¢). Then

the distribution fji,l) (at, x, v) remains close for the L*°-normto p(t, x)Mg(v)
where p(t, x) is the solution of the linear heat equation

0ep—kpAep =0 in T pr—g=p°, 2.11)
and the diffusion coefficient kg is given by

1

Kg = E/Rd Ll Mg (v)dv,

where L is the linear Boltzmann operator (1.3) and L~ is its pseudo-inverse
defined on (Ker L)L [see also (6.8)]. More precisely,

| £ @, x,0) = p(a, DM oo o.71xmixrey — 0 (2:12)

in the limit N — oo, with « = Ne&?=! going to infinity much slower
than /loglog N.

In the same asymptotic regime, the process E(t) = x1(«t) associated
with the tagged particle converges in law towards a Brownian motion of vari-
ance kg, initially distributed under the measure po.

The Boltzmann-Grad scaling « = Ne?~! is chosen such that the mean free
path is of order 1/«, i.e. that a particle has on average « collisions per unit
time. This explains why in (2.10), the position of the particle is not rescaled.
Indeed over a time scale at a particle will encounter «>t collisions which is
the correct balance for a diffusive limit. In other words, one can think of « as
a parameter tuning the density of the background particles. The positions and
velocities are not rescaled with « and are always at the macroscopic scale.
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2.4 Generalizations

For the sake of clarity, Theorem 2.3 has been stated in the simplest framework.
We mention below several extensions which can be deduced in a straightfor-
ward way from the proof of Theorem 2.3.

Several tagged particles: The dynamics of a finite number of tagged particles
can be followed and one can show that asymptotically, they converge to inde-
pendent Brownian motions. This gives an answer to a conjecture raised by
Lebowitz and Spohn [29] on the diffusion of colored particles in a fluid.

Interaction potential: Following the arguments in [21,37], the behavior of a
tagged particle in a gas with an interaction potential can also be treated.

Initial data: The perturbation on the initial particle could depend on z; =
(x1, v1) instead of depending only on the position x;. The comparison argu-
ment to the linear Boltzmann equation is identical, but the derivation of the
diffusive behavior in Sect. 6.1 should be modified to show the relaxation of
the velocity to a Maxwellian at the initial stage (see Remark 6.2).

By considering an initial data of the form

,og(xl) = o% po(agxl) with ¢ <1 (2.13)

the tagged particle localizes when « goes to infinity. The analysis can be
extended to this class of initial data and leads, in the macroscopic limit, to a
Brownian motion starting initially from a Dirac mass.

Scalings: We have chosen here to work with macroscopic variables (x, v),
i.e. to rescale the particle concentration of the background and to dilate the
time with a factor «. However, the diffusive limit can be obtained by many
other equivalent scalings involving the space variable. In particular, one could
have considered a domain [0, A]¢ with a size A growing and a Boltzmann-
Grad scaling (N/A%)e?~! = 1. Rescaling space by a factor A and time by
1% « loglog N would have led to the same diffusive limit. In fact, one only
needs the Knudsen number to be small and of the same order as the Strouhal
number [4,39].

2.5 Structure of the paper
Theorem 2.3 is a consequence of Theorem 2.2, as explained in Sect. 6. The

core of our study is therefore the proof of Theorem 2.2, which relies on a
comparison of the particle system to a limit system known as Boltzmann
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hierarchy. This hierarchy is obtained formally in Sect. 3 from the hierarchy of
equations satisfied by the marginals of fx, known as the BBGKY hierarchy
(which is introduced in Sect. 3). Section 4 is devoted to the control of the
branching process that can be associated with the hierarchies, and in particular
with the elimination of super-exponential trees; the specificity of the linear
framework is crucial in this step, as it makes it possible to compare the solution
with the invariant measure globally in time. The actual proof of the convergence
of the BBGKY hierarchy towards the Boltzmann hierarchy, on times diverging
with N, can be found in Sect. 5.
Some more technical estimates are postponed to Appendix A and B.

3 Formal derivation of the low density limit

Our starting point to study the low density limit is the Liouville equation (2.3)
and its projection on the first marginal

f[i[l)(t9zl):=/fN(t, ZN)dZQ...dZN.

Since it does not satisfy a closed equation, we have to consider the whole
BBGKY hierarchy (see Paragraph 3.1). The main difference with the usual
strategy to prove convergence is that the symmetry is partially broken due to the
fact that one particle is distinguished from the others. In other words f|;—¢ is
symmetric with respectto zo, . . . zy butnotto z, and this property is preserved
by the dynamics.

More precisely we shall see that the specific form of the initial data (see
Paragraph 3.2) implies that asymptotically we have the following closure

2
0,21, 22)

= / SN, Zy)dzs . dzy~ £, 21) Mg (02) ~ @ (2, 21) Mg (v1) Mg (v2)

where ¢, satisfies the linear Boltzmann equation (1.3) with initial data o0
Thus the limiting hierarchy reduces to the linear Boltzmann equation (see
Paragraph 3.3).

3.1 The series expansion

The quantities we shall consider are the marginals
M.z = / IN@, ZN)dzsyr .. dzn
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SO ,E,l) is exactly the distribution of the tagged particle, and f }s/s) is the corre-
lation between this tagged particle and (s — 1) particles of the background.

A formal computation based on Green’s formula leads to the following
BBGKY hierarchy for s < N

(a, +> v) ft, Zg) = a(Cosr f$T) 0 2 BD)
i=1

on Df, with the boundary condition as in (2.4)
(s) _ (s * s+oi
N (& Zs) = fn (t, Z5)ondD, (i, j).
The collision term is defined by

(Cost1 fT(Zg) = (N = 5)e@ o™

)
+1
X(Z/ fﬁ,s )(...,x,-,v;‘,...,x,-—l—sv,v;]rl)
o S’I*]XR‘]

(o1 = vi) - v) dvdveg
N
_Z/ f}&/sﬂ)(---,xi,vi,---,xi-f—el),vsﬂ)
iz Sd—lde
x (511 = vi) - V)_dvdvs+1) (3.2)

where S?~! denotes the unit sphere in R¢. Note that the collision integral is
split into two terms according to the sign of (v; — vg41) - v and we used the
trace condition on 3DV to express all quantities in terms of pre-collisional
configurations.

The closure for s = N is given by the Liouville equation (2.3). Note that the
classical symmetry arguments used to establish the BBGKY hierarchy, i.e. the
evolution equations for the marginals f[f,s )(t, Zs), only involve the particles
we add by collisions to the sub-system Z; under consideration. In particular,
the equation in the BBGKY hierarchy will not be modified at all since - by
convention - the tagged particle is labeled by 1 and always belongs to the
sub-system under consideration.

Given the special role played by the initial data (which is the reference to
determine the notion of pre-collisional and post-collisional configurations), it
is then natural to express solutions of the BBGKY hierarchy in terms of a series
of operators applied to the initial marginals. The starting point in Lanford’s
proof is therefore the iterated Duhamel formula
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v N—s torn ta—1
W= za"/o /0 /o Ss(t — 1) Cy 541854111 — 12)Cop1,542
n=0

e Sean @) £ 0) diy . dy,
(3.3)

where S, denotes the group associated to free transport in Dy with specular
reflection on the boundary.
To simplify notations, we define the operators Qs () = Ss(¢) and forn > 1

Qs,s+n (t)
torh In—1
3=/0 /0 . /0 Ss(t_tl)cs,s—&-lss—l—l(tl - t2)cs+1,s+2- . -Ss+n(tn)dtn- ..dh
3.4)
so that
N—s
VO =D a" Qi) £ T00). (3.5)

n=0

Remark 3.1 Itis not obvious that formula (3.5) makes sense since the transport
operator S is defined only for almost all initial configurations, and the colli-
sion operator Cy 51 is defined by some integrals on manifolds of codimension
1. This fact is analyzed in [40] and in the erratum of [21]. In the following, we
will rely on the estimates on the collision operator derived in [21].

3.2 Asymptotic factorization of the initial data

The effect of the exclusion in the equilibrium measure vanishes when ¢ goes to
0 and the particles become asymptotically independent in the following sense.

Proposition 3.2 Given > 0, there is a constant C > 0 such that for any
fixed s > 1, the marginal of order s

MZ(\M;,),B(ZS) Z:/MN’/S(ZN)CZZS_H ...dZN (36)

satisfies, as N — oo in the scaling Ne?™! = o < 1/¢,

<C’ea M®® (3.7)

(s) ®s )
(M3~ M) 1, §

where the Maxwellian distribution M/g@s was introduced in (2.5).
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The proof of Proposition 3.2, by now classical, is recalled in Appendix A for
the sake of completeness.

As a consequence of Proposition 3.2, the initial data is asymptotically close
to a product measure: the following result is a direct corollary of Proposition
3.2.

Proposition 3.3 For the initial data fz(\)/ given in (2.8), define the marginal of
order s

0
W2 = [ 92z dey = )M (20,
There is a constant C > Osuchthatas N — oointhe scaling Ne?™! = o « %

0
‘ ( £ gO(s)) 1ps

where g°®) is defined by

< C'eaMg" ||’ 1,

g(Zy) = ") M (V). (3.8)

3.3 The limiting hierarchy and the linear Boltzmann equation

To obtain the Boltzmann hierarchy we start with the expansion (3.5) and
compute the formal limit of the collision operator Qg ¢+, when & goes to 0.
Recalling that (N — s)e?~la~! ~ 1, it is given by

t n In—1
09, ::/ / / S0t — 1)
0 JO 0

0 0 0 0
oCs,s+ISs+1 (fH — t2)Cs+1,s+2 S () dty L dly

where S? denotes the free flow of s particles on T%S x R%*, and C? n

limit collision operators defined by

| are the

(€218 ) (Z)
N
= Z/g(v-i-l)( co Xi, U;k, ey Xi v;"+])((vs+1 — Ui) . V)+dvdvs+1
-
- Z/g(s+l)(- ey Xiy Uiy oy Xi, vs+1)((vs+1 K v)_dvdvsﬂ.
- (3.9)
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Then the iterated Duhamel formula for the Boltzmann hierarchy takes the form

Vs> 1, g0 =D a"0) g, (3.10)

n>0

Remark 3.4 In the Boltzmann hierarchy, the collision operators are defined by
integrals on manifolds of codimension d, so we shall require that the func-

tions (ga ) are continuous, which is possible since free transport preserves
continuity on Td x R<.

Consider the initial data (3.8). Then the family (g$);= defined by

g (1, Zy) i= a1, 2 MG (V5) (3.11)

is a solution to the Boltzmann hierarchy with initial data g% since ¢, satisfies
the linear Boltzmann equation (1.3) with initial data po.

We insist that the g(s)
density.

are not defined as the marginals of some N-particle

Remark 3.5 Note that the estimates established in the next section imply actu-
ally that (gés))szl is the unique solution to the Boltzmann hierarchy (see [21]).

Furthermore the maximum principle for the linear Boltzmann equation leads
to the following estimate

sup ¢ (¢, 21) < [10°]| 1o
>0

In the following for the sake of simplicity we write g, := g(l).

4 Control of the branching process

The restriction on the time of validity 7*/« of Lanford’s convergence proof
(determined by a weighted norm of the initial data) is based on the elimination
of “pathological” collision trees, defined by a too large number of branches
created in the time interval [0, T*/«] (typically greater than n, = O (]loge|),
see [21] for a quantitative estimate of the truncation parameter). Here the
global bound coming from the maximum principle will enable us to iterate
this truncation process on any time interval.

4.1 A priori estimates coming from the maximum principle

For initial data as (2.8), uniform a priori bounds can be obtained using only
the maximum principle for the Liouville equation (2.3).
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Proposition 4.1 For any fixed N, denote by fn the solution to the Liouville
equation (2.3) with initial data (2.8), and by fli,s) its marginal of order s

W, Z,) ::/fN(t, ZN)dzgy1 ... dzy. (4.1)
Then, for any s > 1, the following bounds hold uniformly with respect to time

sup [ (1, Zs) < M y(Z)[1p Nl < C*ME (Vo) [0 . (4.2)
t

for some C > 0, provided that ae < 1.

Note here that although the variable z; does not play at all a symmetric role
with respect to z», . .. zy, the upper bound (4.2) does not see this asymmetry.

Proof One has immediately from (2.8) that

FZn) = My (Zn)p°(x1) < My g(Zn)[10° ] 1ov.

Since the maximum principle holds for the Liouville equation (2.3), and as the
Gibbs measure My g is a stationary solution, we get for all 7 > 0

In(t, Zn) < My g(Za)11p° | L.

The inequalities for the marginals follow by integration and Proposition 3.2.
O

4.2 Continuity estimates for the collision operators
To get uniform estimates with respect to N, the usual strategy is to use some
Cauchy-Kowalewski argument. In the following we shall denote by | Q| s+

the operator obtained by summing the absolute values of all elementary con-
tributions

t 1 In—1
1Ol (D) :=/0/0 /0 Ss(t — 1) |Csst] Sost (1 — 12)

o|Csx1.5+2| - Sstn(ty) dty, .. .d1

and similarly for | QY| s.s+n
0 t 51 In—1 0 0 0
|O |s,s+n(t) :Z/ / .. / Ss(l —1) |Cs,s+1| S.v+l(t1 — 1)
0 JO 0
olC 1 yial - S, () dty ...dty
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where

1
(1Cs.ss1lfy " ))(z )
1 —1 (+1)
(N Z/dlde / ( X[,U;k,...,X[+8V,U:<+1)
X ((Us+1 - V) - V)+dVdvs+l
+(N — PR IZ/ (YH)( s Xis Uiy ooy Xi + €V, Ug11)
d— IXRd
x (41 = v) - v) dvduyy,
and

N
(1C9 41185 ) (Zy) = Z/g(””(--.,xi, U X 0 )
i=1
X ((Us+1 —v;) - V)+dvdvs+1
N
+Z/g(s+l)('~'7xi’ Vi, ooy Xi, US—H)
i=1

X ((vs+1 — ;) - v)_dvdel.

For > 0 and k € N*, we define X, x , the space of measurable functions fi
defined almost everywhere on chf such that

| il = supess, et | fu(Ze) exp (Hi(Z0)| <

and similarly X ., is the space of continuous functions g defined on T x
R such that

lgcloss = sup |en(Zo)exp (Hi(Z1)| < oo.

Z€Tdk xRk

Lemma 4.2 There is a constant Cg depending only on d such that for all
s,n € N*and all t > 0, the operators |Q|s s+n(t) and |Q0|s’s+n(t) satisfy
the following continuity estimates: for all fs1, in X¢ s4n.i |Ols.s4n(t) fs4n
belongs to X es.k and

_ Cdt n
[10lson® fin| < 1( ) Wnlesnse  (43)
€:8,3 A2
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Similarly for all gg4y in X0 s4n.1 |Q0|s,s+,l (£)gs+n belongs to X, 3 and

_ Cdt n
<eé 1( [,Jrl) l8s+nllo,s4n,2- 4.4)

A2

[10%1sn g,

A
8,75

Proof Estimate (4.3) is simply obtained from the fact that the transport opera-
tors preserve the weighted norms, along with the continuity of the elementary
collision operators. From the erratum of [21], we get the following statements

e The transport operators satisfy the identities

ISk (®) ficlle,k,n = Il ficlle ke,

0
IS ) gkllok,s = llgkllo.k,x-

e The collision operators satisfy the following bounds in the Boltzmann-Grad

scaling Ned™! =«

d 1
Sk(=1) [Crokr1| Skr1 () fir1(Zi)| < Car™2 [kAT2 4+ D vy

1<i<k
X exp (=AH(Zi)) || frs1lle e+,

almost everywhere on R; x D’; , for some C; > 0 depending only on d,
and

a1
1CR 1] g1(Z0)| < Car™2 [ ka™2 + z ;|

1<i<k
x exp (=AH(Zp) llgk+1llok+1,2,  (4.5)
on T4 x R4k,

The result then follows from piling together those inequalities (distributing the
exponential weight evenly on each occurence of a collision term). We notice
that by the Cauchy-Schwarz inequality,

> wilexp (-2 3 1P

1<i<k 1<j<k
2\ 2 A A v
n
<\|k— E —vil%exp [ —— E vil?
_( )\) . 2n| il p A vl
1<i<k 1<j<k

- (2nk)1/2< /2( )
— —(s +n),
~ \eA Ve
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with £ < s + n in the last inequality. Each collision operator gives therefore
a loss of CA~@*D/2(s 4 n) together with a loss on the exponential weight,
while the integration with respect to time provides a factor t"* /n!. By Stirling’s
formula, we have

(s +n)"
n!

n N
< exp (n log + n) < exp(s + n).
That proves the first statement in the lemma. The same arguments give the
counterpart for the Boltzmann collision operator. O

4.3 Collision trees of controlled size

For general initial data (in particular, for chaotic initial data), the proof of
Lanford’s convergence result then relies on two steps:

(i) A shorttime bound for the series expansion (3.5) expressing the correlations
of the system of N particles and a similar bound for the corresponding
quantities associated with the Boltzmann hierarchy;

(i) The termwise convergence of each term of the series.

However after a short time (depending on the initial data), the question of the
convergence of the series (3.5) is still open. One of the difficulties to prove
this convergence is to take into account the cancellations between the gain
and loss terms of the collision operators. These cancellations are neglected in
Lanford’s strategy.

Here we assume that the BBGKY initial data takes the form (2.8) and the
Boltzmann initial data takes the form (3.8), and we shall take advantage of
the control by stationary solutions (the existence of which is obviously related
to these cancellations) given by Proposition 4.1 to obtain a lifespan which
does not depend on the initial data. Indeed, we have thanks to Propositions 3.2
and 4.1 provided that e < 1

k k
LA Ollek.p = supessz, epg| 40 Z2) exp (BHL(Z0)]

< sup (Ml(\f’)ﬂ(zk)exp(IBHk(Zk)))”PO”LOO
ZeDk

= C* sup (M (Vi) exp (BHK(Z0) )10°l .
ZyeDk

Thus for all ¢t € R,

(k) k( BAN\K2 o
LA Olens = € (52) 10 (4.6)
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Similarly for the initial data for the Boltzmann hierarchy defined in (3.8), by
Remark 3.5 the solution (3.11) of the evolution is bounded by

B \kd/2
I88" Olows = (3) 10 e 4.7

Moreover we shall use a truncated series expansion instead of (3.5) and (3.10).
Let us fix a (small) parameter 4 > 0 and a sequence {n};>; of integers to be
tuned later. We shall study the dynamics up to time ¢ := Kh for some large
integer K, by splitting the time interval [0, ¢] into K intervals, and controlling
the number of collisions on each interval. In order to discard trajectories with
a large number of collisions in the iterated Duhamel formula (3.5), we define
collision trees “of controled size” by the condition that they have strictly less
than nj branch points on the interval [t — kh,t — (k — 1)h]. Note that by
construction, the trees are actually followed “backwards”, from time ¢ (large)
to time 0.

As we are interested only in the asymptotic behaviour of the first marginal,
we start by using (3.3) with s = 1, during the time interval [t — k, ¢]: iterating
Duhamel’s formula up to time ¢ — 4 instead of time 0, we have

ni—1

@ => a0 () 7V — k) + Riay (= ho1), (48)
J1=0

where R ,, accounts for at least n; collisions

N—1
+1
Rin (' 1) = > aP Q1 1t — ) [T,
p=ni

More generally we define Ry , as follows

N—k
k
Ren(' 1) =D Qraipt — 1) fy (1),
p=n

The term Ry, (¢, t) accounts for trajectories originating at k points at time ¢,
and involving at least n collisions during the time-span ¢ — #’. The idea is that
if n is large then such a behaviour should be atypical and R, (¢', r) should be
negligible.

The first term on the right-hand side of (4.8) can be broken up again by
iterating the Duhamel formula on the time interval [t — 2/, t —h] and truncating
the contributions with more than n; collisions: this gives
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Fig. 2 Suppose n; = AK with A = 2. Bach collision is represented by a circle from which 2
trajectories emerge. The tree including the three extra collisions in dotted lines occurring during
[t —2h,t — h] is not a good collision tree and in our procedure, it would be truncated at time
t — 2h. The tree without the dotted lines is a good collision tree with t = 4h: the number of
collisions during the kth-time interval is less than ny — 1 = Ak

ni—lny—1
1 i1+ 7 1
O =D a0y 1y () Q1 e +n ) £y T @ =20
J1=0 j>=0
ni—1
+ Rin (t = hot) + Dl Q1 g1 (W Ry 11,y (¢ — 20t — h).
Jj1=0

Iterating this procedure K times and truncating the trajectories with at least ny
collisions during the time interval [t — kh, t — (k — 1)h], leads to the following
expansion (Fig. 2)

w0 = 10 + RE ), (4.9)

where denoting Jo :=1and Ji := 1+ j1 +--- + ji,

ni—1 ng-—1
RO =0 @ 0 Qs k() Qg () fF
J1=0  jx=0
(4.10)
and
ni—1 ng_1—1

RE () —Z DD @0 ) Qs ()

k=1 j=0 jx—1=0
oRj (@t —kh,t —(k—1)h).
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By an appropriate choice of the sequence {ny}, we are going to show that the
main contribution to the density f ]f,l) (t) is given by f ]f,l’K)(t) and that Rﬁ (1)
vanishes asymptotically.

Next as in (4.10) we can write a truncated expansion for g, [see (3.11)] as
follows:

ga(t) = g 1) + ROK (1), (4.11)

where with notation (3.8) and (3.11),

n—1 ng-—1

gy =D @ oY (0, (. QG () 83

=0 jg=0
(4.12)
and
ni—1 ng_1—1
ROK(t) _Z Z Z ofit™ IQ Jl(h) Q-(}k—zsjk—l(h)
k=1 j=0 jr—1=0
oR) . (t —kh t — (k= 1)h)
with

RY, (1) :=> " a?0 \ (t =S HP ().

pzn

4.4 Estimates of the remainders

Since we expect the particles to undergo on average one collision per unit of
time, the growth of collision trees is typically exponential. Pathological trees
are therefore those with super exponential growth. There are two natural ways
of defining such pathological trees

e Either by choosing some fixed 4 (given for instance by Lanford’s proof)
and logng > k;
e Or by fixing ny = A* and letting the elementary time interval 1 — 0.

We shall choose the latter option.
Proposition 4.3 Under the assumptions of Theorem 2.2, the following holds.

Let A > 2 be given and define ny := A*, fork > 1. Then there existc, C, yy > 0
depending on d, A and B such that for any t > 1 and any y < yo, choosing

h< 4
S AJA /AT

and K =t/ h integer (4.13)
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we get

|rS o] +[RYK )| < CyMp°lpe. (4.14)

Lo°(Td xRY) Loo(Td xR4) —

Proof We are going to bound
H Ql,]] (h) cee kafz,fkfl (h) RJk,|,nk (t - k]’l, r— (k - l)h)H Lo°(Td xR4)

for each term in the remainder R]I\f . The exact distribution of collisions in the
last k — 1 intervals is not needed and it is enough to estimate directly

”lQll,kal ((k — 1)h) R]k,1,nk (t —kh,t —(k— 1)h)“L°°(Td><Rd)'

Applying Lemma 4.2, one has (denoting generically by C,; any constant
depending only on d)

1015y (G = DR Ry (¢ = Kyt — Gk = DI oo g gy

Cy (k — DR\ 17!
= (W IRy n (& — kb, t — (k — D) le,5_y,8/2-

Then arguing as in the proof of Lemma 4.2, one can write

@ 1@ gy (k= DR Ry (= khy t = (k= DD | o g gery

N—Jk-1 Jr_1—1
Caa(k — DR\ 71 Chah \? Uk-1+p)
< Z( BUETD/2 BE+H/2 ?Eg”fN Ol
P=nk -
N—Ji-1 Ji—1+p—1
d Ca
< 11p°llz=p> @)1= " (_) "
= \VB

thanks to (4.6) and recalling that (k — 1)k < t. Assuming from now on that

Cioh 1
< —
VB 2

(4.15)

we find
Q11 (= D) Ry (6 = K, £ = (k= D) | o ey

Ji—1+nr—1
< 10l BT (@)1 (%) T e, (4.16)
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j+1_ .
Note that N := 1 +nj + - +n; = 251 < -Lon;,y. Then, since

Ji—1 < Ni_1, one has, for some appropriate constant C(d, B),
o« TIQI g (e = D) Ry (6 = Kbyt = (k= D) | oo pa ey

< 4% exp (Ak(log cd,p)+

1 0
—— log(ar) +log(@h)) ) 15° .

Therefore, choosing

v

h < ’
~ C(d, B) aA/(A=D¢l/(A=D)

which is compatible with (4.15) as soon as y is small enough one has

@ 1@, gy (k= DR Ry (¢ =kt = (k = DD | o gey
< B2 exp (Ak log )/)||,00||L°°- “.17)

This implies

K
RKH < pd/2
H N || oo (T4 xR4) =h :

k
(Hn,-) exp (A% 1og ) 10”11
1 \i=l
K

< B2 exp (K(k + D log(4) + Ak Tog ) 51
k=1

K
=Cap? Y exp(Aklogy ) 10 1 = CaB 2y 100
k=1

for y sufficiently small, where C 4 is a constant depending on A. Thus, we get
the first part of (4.14)

IRY | oo (Td xRE) = Cy 1p° | oo
The argument is identical in the case of the Boltzmann hierarchy:

ol H|Q|(]),Jk—1((k — Dh) R(J)k—l,nk (t —kh,t — (k- 1)h)HL°°(Td><Rd)

Catk — Dah\ =171 (' Caah \™ (Je—1+nx)
< (W W f:g g ONlo, 71 +ni.

Cd Jr—1+ni—1 B .
(ﬁ) (@)’ =171 (ah)™ )| p°| Lo,

(SN

<B
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hence finally

RO,K” < CABY 2y A 00 Lo
R gy = CaB 10

and the proposition is proved. O

5 Proof of the convergence

In this section, we conclude the proof of Theorem 2.2. Thanks to Proposi-

tion4.3, we are reduced to studying f li,l K _ gg,l K [introduced in (4.9), (4.11)]

K)
are close

and to proving that the matching terms in the series f 1&,1 ) and g‘gl’
to each other.
Throughout this section, the parameters are chosen such that (with the nota-

tion of Proposition 4.3)

1
Nedl=ag =, A>2, 1>1, K= (5.1)
£

t
a
E . . (1,K) (1,K) .

ach elementary term in the series f), '~ and g, "=’ has a geometric interpre-
tation as an integral over some pseudo-trajectories. As explainedin [13,21,28],
in this formulation the characteristics associated with the operators S; (¢, _1 —¢;)
and S?(t,-_1 — t;) are followed backwards in time between two consecutive
times #; and #;_1, and the collision terms (associated with C; ;41 and CIQJ. ny
are seen as source terms in which “additional particles” are “adjoined” to
the system. The main heuristic idea is that the pseudo-trajectories associated
to both hierarchies can be coupled precisely if no recollisions occur in the
BBGKY hierarchy. The core of the proof will be to obtain an upper bound on
the occurrence of recollisions and to show that their contribution is negligible.

In order to prevent recollisions in the time interval [#; 11, t;], some bad sets

in phase space must be removed. Following the approach developed in [21],
a geometrical control of the trajectories in the torus (stated in Lemma 5.2)
enables us to define bad sets, outside of which the flow S between two collision
times is the free flow S° (see Proposition 5.1). Finally, the geometric controls
are used in Sect. 5.3 to obtain quantitative estimates on the collision integrals
where those bad sets have been removed.

5.1 Reformulation in terms of pseudo-trajectories

We consider one term of the sum fjf,l’K)(t) in (4.10) and show how
it can be interpreted in terms of pseudo-trajectories. Given the indices
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J={1,..., jk), we set

Fy R0 @z
= 01, (N Q. 1, () .. Qg () fo'
- /T AT 1= 0)C1S2(0 = 1)Cas Sy D W 652)
7 (h)

where the time integral is over the collision times T = (¢, ..., tj,_,) taking
values in

T (h) = {T = (st )

L <ti—q and(t]k, .. .,l‘]k7|+1) elt—kh,t —(k— 1)h]}. (5.3)

In the following we denote by ¥, the s-particle flow. Given z; = (x1, v1) €
T¢ x R? and a time u € [t1, t], we call z;(u) = ¥, (u)z; the coordinates
following the backward flow W of one particle. The first collision operator
C1 .2 is interpreted as the adjunction at time #; of a new particle at x; (¢1) + €12
for a deflection angle v, € S?~! and with a velocity v» € R?. The new pair
of particles Z, will be evolving according to the backward 2-particle flow ¥,
during the time interval [#,, #1] starting at #; from

Zr(t) = ((xl(tl), v1), (x1(t1) + eva, vz)) in the pre-collisional case (v — v1) - v < 0
Zr(t) = ((xl (1), v]), (x1(t1) + evy2, vz‘)) in the post-collisional case (v — vy) - vy > 0,

(5.4)

the latter case corresponding to the scattering.

Iterating this procedure, a branching process is built inductively by adding
a particle labelled i + 1 at time #; to the particle z,,, (f;) where m; < i is
chosen randomly among the first i particles. Given a deflection angle v; | and
a velocity v; 41, the velocity of the particles z,,; and z; 1 at time #; are updated
according to the pre-collisional or post-collisional rule as in (5.4)

Ziv1(t)) = ({2 ()} jemy» G (t3) s Uy ()5 (m, (8) + €Vi41, Vig1))
in the pre-collisional case(v;+1(f;) — Um;) - Vi+1 <0

Ziv1(t) = ({2 @)} jmi G, (1), Vi (1)), o, (1) + €41, V1))
in the post-collisional case (v;+1(t;) — Vp;) - Vi41 > 0.

Let Z; ;1 denote the i + 1 components after the i™-collision. The evolution
of Z;4 follows the flow of the backward transport ¥;,| during the time

@ Springer



The Brownian motion as the limit... 521

Fig. 3 A collision tree is
represented with 3 collisions.
The velocities (vy, vp) at
time #1 are pre-collisional
and the first particle keeps its
velocity vy after the
collision. At time 73, the first
particle is selected m3 = 1
and the velocity vy is
modified into vi‘ according
to the post-collisional rule

interval [#; 41, t;]. From [40] (see also Remark 3.1), one can check that ¥, is
well defined up to a set of measure 0. In the following, we shall use the name
collision to describe the creation of a particle and recollision if two particles
collide in the flow W, .

To summarize, pseudo-trajectories do not involve physical particles. They
are a geometric interpretation of the iterated Duhamel formula in terms of a
branching process flowing backward in time (Fig. 3) and determined by

e Thecollisiontimes T" = (t1, ..., ,—1) which are interpreted as branching
times
e The labels of the collision particles m = (my, ..., mj,—1) from which

branching occurs and which take values in the set
My = {m =@my,....,mjp—-1), 1<m Si}

e The coordinates of the initial particle z; at time ¢
e The velocities vy, . . ., vy, in R? and deflection angles vy, . . ., v, in S‘f‘l
for each additional particle.

0/,
f(K)

The integral (5.2) can be evaluated by integrating fy on the value of the

pseudo-trajectories Zj, (0) at time O

d—1y\ k1
N —1)!
0= 3 () e e

meMy o L

where

FUR 0, m) (t,zl)::/ dT/ dvdv
T (h) (S4—1xRd) k!

AT, 21,5, V) 0" (Z1, (0)) (5.5)
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and with

AT, 21,9, V):= [ ] (i1 =vm, ) - vig1) and
i=1

V={va, ..., vy} .
(5.6)

Jrg—1 _
[vz{vQ,...,vJK}

The definition of A requires to compute the whole pseudo-trajectory on the
time interval [0, ¢] starting at z; in order to be able to sample the velocities
at the different times 7" = (1, ..., tj,—1). Note that the contributions of the
gain and loss terms in the collision operator Cy k41 are taken into account by
the sign of ((Vk+1 — Vmy (k) * Vi+1)-

In the same way, a branching process associated with the Boltzmann hier-
archy can be constructed: given an initial particle z(l) = (x?, v(l)) at time ¢, a

collection of collision times 7" = (t1, ..., tj,—1) and labels of the collision
particles m = (my,...,my,—1) € My as well as a collection of veloci-
ties v2, ..., vy, and deflection angles vy, ..., vy, the (k + Dt particle zgﬂ

is added at time #; at the position x% L () of the particle my and their velocities
are adjusted according to the type of the collision

20 (1) = (X0, (01), v (1)), 24 () = (x9,, (1), viet1)
if (Vg1 — Uy () - vier1 < 0

2 (1) = (x0, (15, v, (65)), 20 (@) = (xp, (0. v yy)
if (kg1 — Vg (1)) - Vg1 > 0.

Then, the corresponding pseudo-trajectory Z,? 1 evolves according to the back-
ward free flow denoted by \Ilg 41 during the time interval [fx+1, 7] until the
next particle creation. As the particles are points, no recollision occurs in this
branching process. Notice that u +—> Z,? 41 () is pointwise left-continuous
on [0, #].

The counterpart of the integral (5.2) in the series gé,l’K)(t) in (4.12) can be
formally rewritten as follows

G (1, 21) / dT 8%t — 1)CY 8311 — 12)CY 5.8 (1,—1)g"%)
Ty (h)

> 6O m) (5.7)

meMjy

where the integral is over the pseudo-trajectories

G, m) (1, 21)

:=/ dT/ dvdV AT, 21,5, V) g0 (Z§ (0)), (5.8)
Ty (h) (S4-1xRd)/k -1
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Fig. 4 The first stages of both pseudo-trajectories are depicted up to the occurence of a
recollision. The BBGKY pseudo-trajectories are represented with plain arrows, whereas the
Boltzmann pseudo-trajectories correspond to the dashed arrows. At time ¢, the particle with
label 1 in the BBGKY hierarchy is a ball of radius ¢ centered at position x; and the particle
in the Boltzmann hierarchy is depicted as a point located at x(l) = x1. At time 7] the second
particle is added and at time # the third. Both hierarchies are coupled, but a small error in the
particle positions of order ¢ can occur at each collision. In this figure, a recollision between the
first and the second particle of the BBGKY pseudo-trajectories occurs and after this recollision
the Boltzmann and the BBGKY pseudo-trajectories are no longer close to each other. Indeed
the BBGKY trajectories are deflected after the recollision, instead the ideal particles do not
collide and follow a straight line (see the dashed arrows). Note that before the recollisions the
trajectories of z1 and Z(l) are identical and therefore the plain and the dashed arrows overlap

with A defined as in (5.6) but with respect to the Boltzmann hierarchy pseudo-
trajectories.

To show that FS’K) (J, m) and GYK)(J, m) are close to each other when N
diverges, we shall prove that the pseudo-trajectories Z and Z° can be coupled
in order to remain very close to each other up to a small error (see Fig. 4)

e Due to the micro-translations evi | of the added particle at each collision
time fy,

e Excluding the possible recollisions on the interval ]#, tx—1[ along the flow
Sk, which do not occur for the free flow Sg.

The proof of the convergence follows the arguments of [21]. This will be
achieved by constructing in (5.18), a set of deflection angles and veloci-
ties (B(J, T,m))* C (S?7! x R"')J"_1 such that the pseudo-trajectories Z
induced by this set have no recollisions and therefore remain very close
to the pseudo-trajectories Z° associated to the free flow. Furthermore, the
measure of B(J, T, m) tends to O when N goes to infinity. Finally, in Sect.
5.3, all the estimates will be combined to derive a quantitative bound on
F w0, my =GR (1, m).
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5.2 Reduction to non-pathological trajectories
5.2.1 The elementary step

The set of good configurations with k particles will be such that the particles
remain at a distance g9 > ¢ for a time ¢, i.e. that they belong to the set

Gy (0) = {zk e T x R | vu e [0,1], Vi# ],

d(x; — UV, Xj —uvj) 280}

where d denotes the distance on the torus T¢. For particles in Gg(gg), the
transport Wy coincides with the free flow. Fix a <« gg. Thus, if at time ¢ the
configurations Zg, Z,? are such that

l<a,  v=0)

Vi<k, o |x—x (

1

(5.9)

and that Z,? belongs to Gx (&), then the configurations Wy (1) Zy, \Ilg(u) Z,? will
remain at distance less than a for u € [0, t].

We are going to show that the good configurations are stable by adjunction
of a (k 4+ 1)M-particle next to the particle labelled by m; < k. More precisely,
let Z,? = (XY, V}) be in Gi(eo) and Z; = (Xx, Vi) with positions close to
X,? and same velocities [cf. (5.9)]. Then, by choosing the velocity vr4+; and
the deflection angle v of the new particle k + 1 outside a bad set BZ“‘ (Z,?),
both configurations Zj; and Z,? will remain close to each other. Of course,
immediately after the adjunction, the particles m; and k + 1 will not be at
distance gq, but vi41, Vi1 Will be chosen such that the particles drift rapidly
far apart and after a short time § > 0 the configurations Z; and Z,? 4 will
be again in the good sets Gi11(€0/2) and Gi+1(&0).

This stability result was obtained in [21] and is stated below. We shall restrict
to bounded velocities taking values in the ball Bg := {v eR? |v|<E } for
a given large parameter £ > 0 to be tuned later on.

Proposition 5.1 ([21]) We fix parameters a, €q, 8 such that
AfHle «a « g9 < min(SE, 1). (5.10)

Given Z,? = (XY, Vi) € Gi(eo) and my < k, there is a subset B,Tk (Z,?)
of S~ x Bg of small measure

-1 d-1
B (29)| < Ck (Ed (j—o) + EYEn'sy +E () ) (5.11)
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such that good configurations close to Z,? are stable by adjunction of a colli-
sional particle close to the particle x,%k in the following sense.

Let Zy = (Xg, Vi) be a configuration of k particles satisfying (5.9), i.e.
| Xx — X2| < a. Given (Vg4+1, Vk+1) € (S4-1 x BE)\B,'C"" (Z,?), a new particle
with velocity vi41 is added at x,,, + €vi41 to Zy and at x,%k to Z,?. Two
possibilities may arise

e For a pre-collisional configuration viy1 - (Vg1 — V) < O then

Vi 75] € [l,k], d(xi — Ui, Xj —Ml)j) > €&,
Yu €]0, t], )
Vjell,kl, d(xm +&evky1 —uvgg1,xj —uvj) > &.

(5.12)
Moreover after the time §, the k 4+ 1 particles are in a good configuration

(Xk — uVi, Vi, Ximy, + Vi1 — U Vg1, Vk1) € Gr41(80/2)
Vuels, 1], o 0
(X — uVi, Vi, Xppy, — U Vk+1, Vk+1) € Grs1(80).

(5.13)

e For a post-collisional configuration viyy - (Vk41 — V) > 0 then the
velocities are updated

Vi # jel[l,kI\{mi}, dxi—uvi,xj —uvj) > e,
Vjell,kI\{mi}, dxm,+evipi—uvg, ,xj—uv;)>e,

A4 0,1
u €]0, 1], Vj e[l kI\{m}, d@m —uvy, . xj —uvj) > e,
d (X — UV, s Ximy + EVE41 — U VL) > €.

(5.14)
Moreover after the time §, the k + 1 particles are in a good configuration

Yu €[4, t],
() — w0 v} g X — UV Vs Xy, + V1 — UV, V)
€ Gr+1(e0/2),
({x? — UV, V)Y jotmys xr(r)zk — U Vs Uy x’(")1k — UV Viq1) € Grri(eo).

(5.15)

Proposition 5.1 is the elementary step for adding a new particle. In Sect. 5.2.2,
we are going to show how this step can be iterated in order to build inductively
good pseudo-trajectories Z and Z°. Note that after adding a new particle,
the velocities remain identical at each time in both configurations, but their
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positions differ due the exclusion condition in the BBGKY hierarchy which
induces a shift of ¢ at each creation of a new particle (see Fig. 4).

We refer to [21] for a complete proof of Proposition 5.1 and simply recall
that it can be obtained from the following control on free trajectories.

Lemma 5.2 Givent >0, anda > 0 satisfying AK e « a < g9 «min($E, 1),
consider two points x?, x(z) in T4 such that d (x?, x(z) ) > &9, and a velocity vy €
BE. Then there exists a subset K (x? — x(z) , €0, Q) Of R? with measure bounded
by

-\ d—1
K (x} — x5, 0, @)| < CEd((i) + (En)? c‘z‘“)
£0

and a subset K (x? — x(z), g0, @) of RY, the measure of which satisfies

_ gp\ a1 1 od
|Kﬂﬁ—ﬂ&8m@|§CE((£) +(En?E el v

such that for any vy € Bg and x1, x> such that |x| — x?| <a, |xp — xg| <a,
the following results hold:

o Ifvy —v ¢ K(x? —xg, g0, a), then

Yue[0,t], dxi —uvi,x —uvy) > ¢
o Ifvi — vy ¢ Ks(x¥ —x9, g9, a)

Yu € [8,t], d(x; —uvi,xo —uvy) > &.

The proof of this lemma is a simple adaptation of Lemma 12.2.1 in [21], and is
given in Appendix B. Note that this is the only point of the convergence proof
which differs in the case of the torus T¢ from the case of the whole space RY.
In the case of the torus, there are indeed no longer dispersion properties so
waiting for a sufficiently long time, we expect trajectories to go back e-close
to their initial positions.

5.2.2 Induction procedure for the pseudo-trajectories
Using the elementary step of Sect. 5.2.1, we are going to construct in Proposi-
tion 5.3 a coupling between the BBGKY and Boltzmann pseudo-trajectories,

defined in Sect. 5.1, such that both trajectories remain close for all times up to
a small error. In particular, this proof shows that recollisions may occur for the
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BBGKY pseudo-trajectories only for a set of configurations at time 0 in Dg K
with small measure.

As the stability of the good configurations (proved in Proposition 5.1)
requires a delay § > 0 in between 2 collisions, we introduce a modified set of
collision times

7y5h) := {T = (t1, .. tyg—1) /[ ti <ti-1 —36,

(s tgpys1) €[t — k.t — (k — l)h]}. (5.16)

The following statement is analogous to Lemma 14.1.1 of [21].

Proposition 5.3 Fix J = (ji,..., jk), m = (my,...,mj,_1) € My and
T € Tjs(h). Let the pseudo-trajectories Z; = (X;, V;), Z? = (XIQ, Vi) be
defined inductively by choosing at each collision time t; a deflection angle v; 11
and a velocity vj 41 such that

i+1
i1 vig1) € (ST x Be)\B"(Z) (1)) and D v} < E*.
k=1

The velocities of both pseudo-trajectories coincide as well as the positions
x1(u) = x?(u)for u € [0, t]. Furthermore, for ¢ sufficiently small

Vi<lJg—1 Ye<i+l,  |x(tig) — x| i (5.17)

As a consequence of this proposition, we define a bad set of velocities and
deflection angles for the pathological pseudo-trajectories

Jk
Blar, J,T,m) i= 1 (i, viazizs € (897 % Be) ¥ | D00 < B2
k=1

and dig < Jx — 1
such that Vi <ip, (vit1,vit1) € (B (Z)(1:)))°

and - (vig+1, vig+1) € By *(Z0,(1p))}. (5.18)

Proof We proceed by induction on i, the index of the time variables #; for
1 <i < Jg — 1. The recursion hypothesis at step i is

Z0(t;) € Gi(eo) and VL<i, |xe(t)—x{(t)|<e(i —1), ve(t)=v)().
(5.19)
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We first notice that by construction, z(t;) = z(l)(tl), so0 (5.19) holds fori = 1.
The initial configuration containing only one particle, there is no possible
recollision!

Assume that (5.19) holds up to some i < Jx — 1 and let us prove that (5.19)
holds for i 4+ 1. We shall consider two cases depending on whether the particle
adjoined at time ¢; is pre-collisional or post-collisional.

o Letus start with the case of pre-collisional velocities (v; 1, vy, (#;)) at time
t;. We recall that the particle is adjoined in such a way that (vi4+1, vit1)
belongs to (Sd*1 X B E)\Bl'."i (ZZQ (t;)). The new configuration Zl(.) 1 satisfies
forall u €]tj41, t;]

Ve <, xp(u) = X)) + (u — 1)ve(n), ve(u) = vy (ty),
Xy ) = xp () + (= t)vigr,  vip1 () = vigl.
Since t; —t;+1 > &, Proposition 5.1 implies that Z?+1 (ti+1) willbein G; 1 (g9).
Now let us study Z; ;| the BBGKY pseudo-trajectory. Provided that ¢ is suf-

ficiently small, by the induction assumption (5.19) and the fact that AK+1e < g
[see (5.10)], we have

Ve <i, |xe(t;) —x0(t)] <ei — 1) <a.

Since Z? (#;) belongs to G; (gg), Proposition 5.1 implies that backwards in time,
there is free flow for Z; . In particular,

Ve <i+1, xe(u)=xe(t;) + (u—t;)ve(t;), ve(u) = ve(t;),
Xir1(U) = X, () + evig1 + (u — 1)viv1, Vip1(u) = vit.
(5.20)

Therefore, the velocities of both configurations coincide and by the induction
assumption (5.19)

VE<i+ 1, Vuelin, bl |xew) —xp)| < el — 1) +e < e

where we used that in (5.20) there is a shift by at most ¢.

e The case of post-collisional velocities (viy1, v, (#;)) at time #; is identical
up to a scattering of the velocities v; 1, vy, in v} Uy, - Note that the

i+1° "m
constraint > ;1| [v?| < ET implies that both velocities v}, |, vy, remain
in Bg. This concludes the proof of Proposition 5.3. O
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5.3 Estimate of the error term

We turn now to the main goal of this section and use the coupling of Propo-
sition 5.3 between the hierachies to show that for K <« loglog N and
at < (loglog N)A=D/4 then

1A = 88l oo o.nma ety = O (5.21)
with an explicit rate of convergence when N diverges. The coupling of Propo-
sition 5.3 can be implemented only for a reduced set of velocities taking values
in Bg and for collision times separated at least by §. Thus the first step will
be to estimate the cost of cutting-off the large velocities and the collision time
separation in (5.5) and (5.8). Then in Sect. 5.3.4, the parameters §, £ and K
will be tuned and the error term evaluated.

5.3.1 Energy truncation

Given E > 0, define the large velocity cut-off for f); (1K)

as

introduced in (4.10)

(1 K d-nHuxg—n N =D (1 (g
: Z N o 2w

meMy

where > ; stands for Z'}:;& e ZnK !"and the velocities in the integral (5.5)
are truncated

FL K)(J m) (¢, 71) _/ dT/ dvdVv A(T, z1, v, V)
T (h) (S4-1xBg)'k !

0(Jk)
x l{HJK (Z i O)= ZZ}F (Z (O)) (5.22)

where A was defined in (5.6) and H(Z;) = % Zi=1 lvi |2.
In the same way, for gél’K) in (4.12), the large velocity cut-off is defined as

I,K — 1,K
géE ). Zaj’( ! Z G(E )(J,m)
J

meMj

where the velocities in the integral (5.8) are truncated

G K)(J m) (t,71) _/ dT/ dvdVv A(T 21,9, V)
T (h) Sd-1xBp)’k~!

x 1 22,8°K(Z§) (0)). (5.23)

{Hy (25 O0)<5)

Then, we have the following error estimate.
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Proposition 5.4 There is a constant C depending only on B and d such that,
as N goes to infinity in the scaling Ne? ‘o~ = 1, the following bounds hold:

||f(1 ,K) (1,K)

(1 K)
—INE ||L°°([0 z]dede) + 1184 ga E ||L°°([0 11T xRY)

K+1 _,
< AK<K“>(Car>A E 100 o,

with A, K as in Proposition 4.3.

Proof We first consider the BBGKY hierarchy. Since the kinetic energy is

preserved by the transport Sy, the difference (fyy (1.K) —fy d. K)) can be bounded
from above by estimating the contribution of the pseudo- trajectorles such that

{Hj (Z),(0)) > ETZ} at time 0. Note that from (4.6)

0(J, 0(J, _BEp2
s, 2, )>%2}fN( sz < 1y esgpe
K K’=

i
< Ol e E 0. (5.24)
By Lemma 4.2, we get
1K 1.K
||F1E/ )(J’ m) — ( )(J m)”LOO([o 1]1x T4 xR4)

0(Jk)
= HlQll,J{(() (H; (ZJK)>EZ2} N

L®([0,/]xT9 xR4)

Ct et 0(Jx)
= (W—d“w) Wisise =iV Newsipr:
It follows that
1ES O m) = PO Om)l o o.rarey < (€04 e 5800 oo
thanks to (5.24) and to the fact that Jx < Nx < AK 1. A similar estimate

holds for the Boltzmann hierarchy. Summing over all possible choices of ji
proves the proposition, recalling that in the Boltzmann-Grad scaling

L IN=DU e

d—1\Jgx—
SR T

Proposition 5.4 is proved. O

5.3.2 Time separation

We choose a small parameter § > 0 such that AX§ « h and estimate the
error for separating the collision times by at least §. The time cut-off of the
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pseudo-trajectories is defined as

FUK) d-g—1 N —D! (1.K
N ES 28 K (N . JK)‘ m; FN ES(‘] ) (525)

where the time integrals are restricted to the set 7 s(k) defined in (5.16)

FrUay(Jom) (1, 21) ::/ dT/ dvdV AT, z1,7, V)
Tj.5(h) (891 x Bg) k!

x 1 0K (Z1.(0))

{Hyg (Zg =5 f N

with A(t, z1, , V) as in (5.6). In the same way, for the Boltzmann hierarchy,
we set

gi i —Z Tt S GO m)

meMy

where the separation time cut-off is defined as

G (1 m) @, 21) —/

7,
x 1

dT/ dvdV AT, zy, v, V)
s(h) (841 xBp) k!

g0UK) (70
(Hy, (29 =58 (2 O,

Then the following holds.

Proposition 5.5 There is a constant C depending only on B and d such that,
as N goes to infinity in the scaling Ne?~'a= = 1, the following holds

(1,K) (1,K)

(1 K) (1 K)
I fvE" — I Eslieqo, z]dede) + 18, — &u.E. 5||L°°([0 1] T4 xRY)

K+1
< AKDEED (can? ;nponm, (5.26)

with A, K as in Proposition 4.3.

Proof Given J, m the difference (F If,lé( ) _F 1&71 g 33)(] , m) involves the inte-
gration over two consecutive times such that |t,+1 — t;| < 6. This leads to
a contribution 8tJK_2/(JK — 2)! instead of tJK_l/(]K — 1)! and there are
Jx — 1 possible choices for the collision with a short time separation. Modi-
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fying accordingly the estimates of Lemma 4.2, we get for a given J

I Z (inll,’g) inzlffzs)(J’m)”LOO([o,z]dede)
meMy

Ak (AKFD2

< (Cat) 10°] Loe,

where we used that Jx < AX*!. Summing over all possible choices of ji
leads to an extra factor AKX+ a5in (5.26).

A similar estimate holds in the Boltzmann case and completes the proof.

O

5.3.3 Neglecting the pathological pseudo-trajectories

We now reduce the domain of integration of the velocities and deflection angles
outside the set B(J, T, m) defined in (5.18) in order to remove the pathological
pseudo-trajectories. We set

FOK) Jx—1 gd=1\*! (N - D! FULK)
R =3 3 () oy Aem 62
meM;

where
RS Gm = [ ar [ avdv AT )
Ty,5(h) B(J,T,m)¢

J
I{HJ (Z1, O)=<E) fN( N(Z1 (0) (5.28)
K K

with A(z, z1, v, ‘_/) as in (5.6). In the same way, we define

~;1EK§_ZaJK P G m) (5.29)

meMjy

where the domain of integration is restricted to the complement of B(J, T', m)

G(l K my @, 2) —/

77,

x 1{HJ,((Z on<£) gO(JK)(ZO 0)). (5.30)

dT/ dvdV AT, z1,v, V)
s(h) B(J,T,m)¢

As a consequence of Proposition 5.1 and of the continuity estimates in Lemma
4.2, the error induced by neglecting the pathological pseudo-trajectories can
be estimated from above.
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Proposition 5.6 Leta, gq, 6 satisfying (5.10). There is a constant C depending
only on B and d such that, as N goes to infinity in the scaling Ne?'a~! = 1,
the following holds

(1,K) ~(1,K)
8au.Es ~ 8u.ES

(LK) _ 7(1,K) “
HLOO([O,z]dede) + HfN’Es‘s INEs

=\ d—1
< A(K+2)(K+1)(Cat)AK+1 (Ed (i)
€0

L% ([0,t]x T4 xR4)

+EYEN el + E (3) )Ilpollmo-

Proof The proof follows the same lines as the proofs of Propositions 5.4 and
5.5. In the usual continuity estimate for the elementary collision operator, the
integration with respect to velocity brings a factor (27 /8)4/2, while removing
the integration over the pathological set BZ”‘ gives an error

Ck (E" (g)d_l + B¢ (Et)d s+ E (Z—O)d_l) (5.31)

according to Proposition 5.1.
For a given J, there are Jg — 1 < AX+1 possible choices of the integral to
be modified. Therefore, the estimate on the collision operator leads to

I Z (Fz(vlgfs - FIEII,’E{(,Q)(J’ m)”LOO([o,z]dede)
mGM/

d—1 d—1
s(Cr)AK“Az““”(Ed (i) +Ed(Er)"eg*1+E(8—°) )||p°||Loc

£0 1)

where as previously C depends only on d and . The term A?K+D comes
from the AX+! possible choices of the integral to be modified and from the
additional factor k < AX+!in (5.31).

Finally summing over all the possible choices of J/ = (ji, ..., jgx) provides
the additional factor AX K+ in the estimate. Similar bounds hold also for the
Boltzmann hierarchy. This completes the Proposition. O

Once the pathological pseudo-trajectories have been removed, the integrals
(5.28) and (5.30) differ only by the small error on the positions Z j, (0), Z (J)K 0)

and by the initial data f ](\),(JK ) and g°“K) Thus, one gets
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Proposition 5.7 There is a constant C depending only on B and d such that,
as N goes to infinity in the scaling Ne?~! = «, the following holds

H 7(1,K) ~(1 K)

INEs ~ 8aEs HLOO([O 11xT4 xR9)

o1 f AZK+D
< AK(K—H)(COU)A ' (T—FO{&‘ ||,OO||Loo.

Proof There are 2 sources of discrepancies between (5.27) and (5.29).

e The prefactors in the collision operators : In (5.27), the elementary collision
operators have prefactors of the type (N — k)&e?~! /a that can be replaced
in the limit by 1. For fixed Jg, the corresponding error is

(N—=1)...(N=Jg +1) JZ
(1_ N/k+1 )SC_

which, combined with the bound on the collision operators, leads to an
error of the form

2(K+1)

0
——— P llL=.

AK(K—I—I)(CO”‘)AK‘H
N

e Discrepancy between f N(JK ) (Z(0)) and go(] K) (ZO (0)) : First of all, we
note that for the coupled pseudo-trajectories

g™k (2, (0)) = g (29, (0)).

Indeed, by construction both pseudo-trajectories have the same velocities and
x| = x?. The differences between the two configurations are only on the
positions of the particles added and g°/¥) is independent of these positions.

By Proposition 5.3, the initial data satisfies Z ;. (0) € G, (€0/2). According
to Proposition 3.3, we have

0 J
< Ip Il C°F e

Jg) 00
HIQJK (e0/2) (fN - ( K)) HO Jx.B

Using the continuity estimate in Lemma 4.2, we then deduce that the error due
to the initial data can be controlled by

K+1
1% e AKEFD (Can)®™ " ae

This concludes Proposition 5.7. O
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5.3.4 Estimate of the main term
Finally combining the previous estimates, we get

Proposition 5.8 For parameters satisfying (5.1) and such that

A1 log log N
ar < (loglog N) * and K = —-—2= (5.32)
og
then as N goes to infinity
|70 = &)
N o L ([0,1]x T4 xR9)
< 1% 1o £ exp (C (log N)'/? loglog N) . (5.33)

In particular, Estimate (5.21) follows from Proposition 5.8.

Proof We write

[ = 8N e < 1IN = Feal o + 1887 = 2ag sl e
F1LK) (LK)

+H InEs— a,E,(SHLOO'
Leta, g9, §, E satisfying (5.10). By gathering together the estimates in Propo-
sitions 5.4, 5.5,5.6 and 5.7, we see that there exists C depending only on 8 and
d such that, as N goes to infinity in the scaling Ne¢~'a~! = 1, the following
holds

||f1511’K) — g% ||L°°([0,z]><Td><Rd)

K+1 _ﬁ »  AZE+Dg
=\ d—1
a d
+A(K+2)(K+l)(ca[)AK+l (Ed (_) + Ed (Et) Sg_l
£0

+£ () ) 100l

k1 [ AXKFD
+AK<K+1)(CO[[)A ( ~ + ea ”pOHLOc

with A, K introduced in Proposition 4.3.
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To derive the upper bound (5.33), we choose for the parameters the following
orders of magnitude

d—1 d
§ ~egdtl, gy ~¢edtl, E ~./|logel, a=AKtlg,
This leads to

| A =88]
L>®([0,]1x T4 xR9)

d—1
<(C ar)A"“A“(K*“ (e 1 logel” + &™) 10l

from which (5.33) can be deduced in the scaling (5.32) since AK </ log N.
Equipped with all these estimates, we prove now Theorem 2.2.

Proof of Theorem 2.2 Propositions 4.3 and 5.8 imply that with the scaling
(5.32)

Hf(l) - go‘”LOO([O,t]deXRd)

<cC (yA +Co et exp (C (log N)'/2 loglog N)) 00| o

A
AJ(A-1)
<o () 0,
- loglog N

where we have used the relation y = M of (4.13) with the choice
K = Llozglg’gg f{v |. This conludes the proof of Theorem 2.2.

Note that the relevant scaling for this upper bound is ot =
0((10g10gN)(A_1)/A). m|

6 Proof of the diffusive limit: proof of Theorem 2.3

In Theorem 2.2, we have shown that the tagged particle distribution
f(l)(t, x, v) remains close to Mg(v)@q(t, x, v) where ¢y solves the linear-
Boltzmann equation (1.3) on T¢ x R?, with initial data p°(x). More generally,
our proof implies that the whole trajectory of the tagged particle {x1(s)}s<r
can be approximated with high probability by the trajectory of {x?(s)}sfr (see
Lemma 5.3). The latter process is much simpler to study as its velocities are
given by a Markov process.

These two points of view lead to two strategies to prove the diffusive limit.
We first present an analytic approach to show that ¢, (a7, x, v) can be approx-
imated by the diffusion (2.11). Then we turn to an alternative method to show
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the convergence of the trajectory to a Brownian motion which will rely on
probabilistic estimates for {x?(ar)}f <T.

In the following the macroscopic time variable will be denoted by t €
[0, T1].

6.1 Convergence to the heat equation

In this section we prove the result (2.12) stating the convergence of

]51) (at, x, v) to Mg(v)p(t, x) where p solves the heat equation (2.11) on T,
with initial data p°(x). We show in Paragraph 6.1.1 that this can be reduced to
proving that ¢, (7, x, v) can be approximated by a diffusion, which is a stan-
dard procedure (see [6]). For the sake of completeness, we recall the salient

features of the proof in Paragraphs 6.1.2 and 6.1.3.
6.1.1 Approximation by the linear Boltzmann equation

The explicit convergence rate provided in Theorem 2.2 implies in particular
that for any 7 > 0 and any o > 1, in the limit N — oo, Ne?"la~! = 1, one
has

A

052‘[ AT
@t x, v) = M@)o (@, x, V)| so rpa . iy <C| ——————|
| fy . | oo (raseray Toglog M)
(6.1)

where A > 2 can be taken arbitrarily large. It is therefore possible to take
the limit @ — oo while conserving a small right-hand side in (6.1), as soon

as o < (loglog N)%.
Let us define

0o (T, X,0) 1= @ (aT, X, V),
which satisfies
3Py + V- Vidy + > LGy = 0. (6.2)

Then (2.12) follows directly from the following result

sup sup Mg () (@a(T, x, v) — p(1, x))’ -0 (6.3)

7€[0,T] (x,v)eTd xR4

in the limit @ — o0. The rest of this paragraph is devoted to the proof of (6.3).
Notice that by the maximum principle on the heat equation, we may assume
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without loss of generality (up to regularizing p°) that p° belongs to C*(T¢),
which will be useful at the end of the proof.

6.1.2 Hilbert’s expansion

The formal Hilbert expansion consists in writing an asymptotic expansion
of @y in terms of powers of ™!

_ ~ 1 1 _
¢Yu(T, x,v) = po(T, X, V) + &m(f, x,v) + ppz(f, xX,v) 4+,

in plugging that expansion in Eq. (6.2), and in canceling successively all the
powers of «. This gives formally the following set of equations (where we
have considered only the O(1), O(«) and O («?) terms)

Lpo =0,
v-Vipo+ Lo =0, (6.4)
dzpo +v - Vipr + L2 =0.
In order to find the expressions for p; and p, as well as the equation on py
(which we expect to be the heat equation), it is necessary to be able to invert
the operator £. This is made possible by the following result, whose proof can

be found in [24] (in the case of the linearized Boltzmann equation, but it can
easily be adapted to our situation). In the following, we define

ap(v) ;= /sdlde Mpg(v1) (v —v1) - v)+dvdv1.

The proof of the next result consists in noticing the decomposition
L = ag(v)Id — K, where Id stands for the identity and K is a compact
operator.

Lemma 6.1 The operator L is a Fredholm operator of domain
L?(R¢, agMpgdv) and its kernel reduces to the constant functions.
In particular, L is invertible on the set of functions

{g e L2(RY, agMpdv), /Rd g(v) Mp(v)dv = 0}.

Note that the first equation in (6.4) therefore reflects the fact that py does not
depend on v.

We define the vector b(v) = (bx(v)), _, with / b(v) Mg(v)dv = 0, by
Lb(v) =v. (6.5)
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Returning to (6.4), we have
p1(t, x,v) = pi1(7, x,v) + P (7, %),
with
01(t, x,v) := —=b(v) - Vypo(t,x) and p; € Ker L.
Next we consider the last equation in (6.4) and we notice that for p; to exist

it is necessary for d;pg + v - V,p; to belong to the range of L. Since pg does
not depend on v, this means that

afﬁo—i-/dU-Vxﬁl(r,x,v)Mﬁ(v)dv =0. (6.6)
R

We then define the diffusion matrix D(v) = (Dk,g(v)) t<d’ again with
Jrd Dr.e(v) Mg(v)dv = 0, by

LDW) :=vQb(v) — /d v ® b(v) Mg(v)dv. (6.7)
R

From the symmetry of the model, one can check (see [15] for instance) that
there is a function y such that

b(v) = y(jv)v.
Then an easy computation shows that pg = p where
drp —kpgAxp =0,
while the diffusion coefficient is given by

1

1
= — -1 = — 2
Kg = y /Rd vL™ v Mg(v)dv 7 /Rd y(lvD | Mg(v)dv, (6.8)

and where we used the symmetry of b to derive the last equality. Finally we
have

p2(T, x,v) = pa(T, x,v) + pr(T, x) — b(v) - Vipy (T, Xx),
with

p2(t, x,v) := D(v) : Hess p(t,x) and p, € Ker L.

@ Springer



540 T. Bodineau et al.

6.1.3 Proof of the convergence

Now let us prove (6.3). With the notation introduced in the previous paragraph,
let us define

1 1
Wy (T, x,v) = p(7,x) + apl(r, x,v) + ;pz(r, X, v). (6.9)
Then W, is almost a solution of (6.2): by construction one has
Vo +a v VW, +a? LYy = S,

where the error term S, is given by

Sa(T, X, 0) 1= é (azm(f,x, v) +v- Vepa(T, y,v) + éar,OZ(T’ y, v)) :
(6.10)
Defining
Ry (t, x,0) := Wu(1, x, V) — @u(T, x, V)
we have thanks to (6.2)
3Ry + 0o v-ViRy +0a® LRy = Sy

and the result (6.3) then follows from the maximum principle which states
that
IMp Rl o0 0, 71x 1 xRy < C(T)(IMp R (0)| oo (a r)
Mg Sall oo 10,71 T4 xR ) -

We note that S, involves spatial derivatives of p of order at most 4, thus from
the maximum principle for the heat equation, each term of MgS, is bounded
in L*° norm by o~ 1. The same clearly holds for the initial data Mg R, (0, x, v)
since

~ 1 1
Ry (0, x,v) = Wu (0, x, v) — ¢ (0, x,v) = &,01(0, x,v) + EPZ(O’ X, ).

It follows that

C(T)
o

||M,B(“I/a - %)”Loo([oj]dede) =

and thanks to (6.9), the convergence result (6.3) is proved.

@ Springer



The Brownian motion as the limit... 541

Remark 6.2 'We have considered here the case when p° = p°(x). In the case
of ill-prepared initial data, namely if p® = ¢°(x, v), then the same analysis
works provided the following ansatz is used

1 1
Wa (7, %, 0) i= (T, %) + = p1 (T, £, 0) + —3 (7, %, V) + I+ (e7*4¢Y),

where IT+ is the orthogonal projector onto (Ker £).

6.2 Convergence to the Brownian motion

Let us denote the tagged particle by
E(t) :=x1(x1).

In the following, Ey, Py will refer to its expectation and probability with
respect to the initial data sampled from the density fz(\}- To prove the conver-
gence of the tagged particle to a Brownian motion, one needs to check (see
[8], Chapter 2)

e The convergence of the marginals of the tagged particle sampled at different
times

Jim By (n1(E() e (E()) = E(m (B) ... he(B()),
6.11)

where {h1, ..., hy}isacollection of continuous functions in T<. Notice that
these marginals refer to time averages and not to the number of particles.
e The tightness of the sequence, that is for any t € [0, T']

VE >0, lim lim IP’N( sup |E(0)—E(t)|z§)20.

n—>0N—o0 T<o<T+n

(6.12)

Note that (6.11) requires to understand time correlations and thus we are going
to adapt Theorem 2.2 to this new framework.

Step 1. Finite dimensional marginals. First, we are going to rewrite the
time correlations in terms of collision trees. A similar approach was devised in
Lebowitz, Spohn [30] to derive an information on the true particle trajectories
(in the physical space) from the Duhamel series. Let t; < --- < f;, be an
increasing collection of times and Hy = {hy, ..., h;} a collection of £ smooth

@ Springer



542 T. Bodineau et al.

functions. Define the biased distribution at time ¢ > #; as follows

/ dZN fN.1,(t, ZN)P(ZN)
TNd «RNd
=By (1 (x10) ke (x1(10) @(Zn (1) )

:/TM RNddZN FZN) b (x1(1) - . he(x1(t0)) @(Zn (D)),  (6.13)

for any test function ®. We stress that by construction the biased distribution
IN.H,(t, ZN)

e Isin general no longer normalized by 1
e Is symmetric with respect to the N — 1 last variables.

The corresponding marginals are

W20 = [ vt 2 dzes . da. (6.14)

By construction fy p, satisfies the Liouville equation for ¢+ > f; and the

marginals f JS;,)Hg obey the BBGKY hierarchy (3.1) for s < N. Applying the
iterated Duhamel formula (3.5), we get

N—s
FOr 0 = Osgimlt — 10 55 10). 6.15)

m=0

By construction fy p,(te, ZN) = fn,H, ,(te, Zn)he(21), where the new dis-
tribution is now modified by the first £ — 1 functions. This procedure can
be iterated up to the initial time. The backward dynamics can be under-
stood in terms of collision trees which are now weighted by the factor
hi(x1(t1)) ... he(x1(t)) associated with the motion of the tagged particle

N—-1
f,ﬁ;l,)He(t) = > OQuim- tz)(heQ1+m1,1+m2(fe - te-1)(hz—1 e
mi+---+mg=0
1
Qi octme s et (1)) 3 TH00), (6.16)

This identity holds for any N and any time.
In order to check (6.12), we need also to generalize the identity to consider
correlations of the form

En (h(xi(t1) = x1()) ... h(x1(t0) — x1(5))) (6.17)
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for a smooth function 2 with s < t; < --- < tp. Using a partition of unity
{Ff} centered at points y; € T? with mesh &, one can approximate /

h(x —y) = D h(yi = ypT5 0T () + 0 ().
i.J
This allows us to use the identity (6.16) for any accuracy & > 0 of the approx-
imation. Thus (6.17) can be computed in terms of collision trees which are
now weighted by the factor & (x (1)) — x1(s)) ... h(x1(t¢) — x1(5)).
Step 2. The limit process. In the Boltzmann Grad limit, the memory of the

system is lost and the tagged particle behavior becomes equivalent to a Markov
process. We define

t
x1(t) = x1(0) +/ vi(s)ds (6.18)
0

as an additive functional of the Markov chain {v;(s)}s;>0 with generator
aL introduced in (1.3). Initially (x(0), v1(0)) is distributed according to
,oo(x)M g(v). The expectation associated to this Markov chain is denoted by
Epg.-

Lett; < --- < tgbeanincreasing collectionof timesand Hy = {hy, ..., h¢}
acollection of £ smooth functions. Asin (6.13), we define g, g, (¢) as the biased
distribution of the Markov chain Z; (1) = (X; (1), 01(?))

vt € [tk tk+1],
/ 8o H, (1, 2) P(2)dz = Epy (hl()?l(tl)) o he(X1(20) CD(Zl(t))),
Td xR4

with #,41 = 00. One can consider a measure [cf. (3.11)] including as well the
background density of an ideal gas. The marginals of this measure are

N
ga({s,‘)Hg (t’ ZT) = 8a,Hy (tv Zl) HM/S(UI) (619)
i=2

As in (6.16), the distribution can be rewritten in terms of a Duhamel series

o0

gar® = > 0% i, = 10 (e Qs e = 1) (e
m|+-~~+mg:O
0 (It +--my)
Oty e (D)) 8T ). (6.20)

This representation allows us to rephrase the Markov chain expectations in
terms of the Boltzmann hierarchy. In this series, a lot of cancelations occur
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Fig.5 A collision tree for the Boltzmann hierarchy is depicted. The path of z; is the backbone of
the tree with branchings at each new collision. There cannot be further branches as any collision
with a new particle would lead to a cancellation in the collision operator. Thus the trees involving
the branches in dashed line do not contribute to the Duhamel series in the Boltzmann hierarchy

(see Fig. 5). Indeed, the only relevant collision trees are made of a single
backbone (the trajectory of z(l)) with branches representing the collisions of z(l)
with the ideal gas, but no further ramification. In step 3, we shall not use these
cancellations and simply compare the series (6.16) and (6.20) term by term in
order to show that in the Boltzmann Grad limit when o < /loglog N

alinéoEMﬁ (h] ()21 (Oé‘[])) . hg()_cl((){‘l?g))) —EN (h] (x1 (Ot‘rl)) e hg (X] (Oll'g))) =0.
(6.21)

As L has a spectral gap, the invariance principle holds for the position of
the Markov process x; (see [27] Theorem 2.32 page 74). This implies the
convergence of the rescaled finite dimensional marginals towards the ones of
the Brownian motion B with variance kg [see (6.8)], i.e. that for any smooth
functions {h1, ..., hy} defined in T¢,

Jim By, (11 (&1 @1) e (F1 @) ) = B (b (B)) e (B(x) ).
(6.22)

The diffusion coefficient x4 defined in (6.8) can be interpreted in terms of the
variance of the position properly rescaled in time (see [27] page 47).

Step 3. Approximation of the finite dimensional marginals. We turn now to
the proof of (6.21) which combined with (6.22) will show the convergence
(6.11) of the marginals of the tagged particle sampled at different times.

Suppose now that the collection Hy satisfies the uniform bounds on T¢

Vi<dt, 0<hi(x)<m. (6.23)
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Thus the f 157 )Hz satisfy the maximum principle (4.2) with an extra factor m*.

The pruning procedure on the collision trees therefore applies also in this case
and enables us to restrict to trees with at most AX*! collisions during the time

interval [0, ¢]. Furthermore, the comparison of the trajectories for f]f,l )Hz and

ga.H, can be achieved in the same way as before on a tree with less than AX +1
collisions and no recollisions. Analogous bounds as in Proposition 5.7 can be
obtained, but one has to take into account that the trees are now weighted by
hi (x?(a rl)) .o hy (x?(a ‘L’g)). We recall that the pseudo-trajectories of x| and

x? coincide at any time, thus bounds similar to (2.9) hold

H f]sll,)Hl (O{'E, Y U) — 8a.H, (0”:9 Y, U) ||L°°(Td><Rd)
A%

2 AT

T

<cm' |0 | ————— | - (6.24)
(loglog N)

This implies (6.21), hence (6.11) thanks to (6.22).

Step 4. Tightness. In order to evaluate (6.12), it is enough to sample the
trajectory of the tagged particle at the times t; = {7+ %V i}i<ey foruy = @
and with ¢y := an/uy. Indeed, we can decompose the path deviations into
two terms

T<0<T+N

PN( sup |E(0)—E(t)|22§)

9y
<1-Px[[) {[E@) - E@)| <&}

i=1

15y
+ZPN( sup |E(a>—:<rl-)\zs). (6.25)

i—1 T, <O0<Ti41

We shall first evaluate the last term in the right-hand side which involves only
events occurring in a microscopic time scale of length uy. Given i < £y, let
ti ’=iuy + ot and tjy| := uy +t; then

]P’N( sup |E(0)—:(tz)|2§)=PN( sup |x1(S)—X1(ti)|2$)-

T <0 <Tj41 i<s<tiy]

In order to control the tagged particle fluctuations, it is enough to bound its
velocity in the time interval [#;, #;41]
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s lit1
PN( sup | / v1(s)ds'| zs)sPN ( / 1"’ zs)
1 <s<ti] ti t
0 ™ v / ’
< 110100 By (/0 o1 5)|ds zs),

where we used the maximum principle in the last inequality and Py denotes
the dynamics starting from the invariant measure My g. Following the strategy
in [2] to bound this probability, we write

B ([ hlas'z¢) zexo (<5 ) By (exp (5 [ usnas'))
0 un un Jo

Using Jensen’s inequality and the invariant measure, we get

- s 1o
Ey (exp (ﬁ/o !vl(s/)‘ds/)) < E/o ds'Ey (exp (Jv1(s"]))

=Emy, (exp (}vll)) = cg,

where cg is a constant depending only on 8. Since uy = @, we have shown
that for any £ > 0, the probability of a deviation in a very short time vanishes
when N goes to infinity

7Y
ZPN( sup  |E(0) — :(Ti)|2§) <cply exp(—§ logN) — 0.
i=1

T, <0<Ti4]

The tightness for the process x| derived in [27] (Theorem 2.32 page 74) implies
that forany & > Oand £y = an/uy

N

lim lim Py, | () {|¥1em) - fi@n)] <&/2} ) =1.

n—0 N—o0 i1
1=

By comparison, we are going to show that the same result holds also for the
tagged particle x;. Using (6.25), this will complete the proof of (6.12).
Let hg (w) = 1{jw|<¢/2), then it is enough to show that

N 19

Ey | []he (i) = xi@n)) | = Eu, | [ ] 1 (51(@m) — 2i(0))

2

T AT
<ClPlloo | ———=| - (6.26)
(loglog N) &
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At this stage, it is enough to use the fact that probabilities of the form (6.17) can
also be evaluated in terms of weighted trees as in Step 1. Since h¢ is bounded
by 1, the maximum principle applies uniformly in £x. The tree decomposi-
tion and the reduction to non pathological trajectories hold as in the previous
proof. For good pseudo-trajectories, the paths of x; and x? coincide, therefore

modifying the Duhamel series by Hfﬁ | he (x1 (i) — x1 (7)) does not alter
the comparison established in Proposition 5.7. This concludes the proof of
tightness.
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7 Appendix A: Asymptotic control of the exclusion

For the sake of completeness, we recall here the proof of Proposition 3.2. We
omit all subscripts 8 to simplify the presentation.

e First step: asymptotic behaviour of the partition function.

We first prove that in the scaling Ne?~! = o, with o < 1/,
1< 2y 2y < (1 — eakqg) ™, (7.1)

where k; denotes the volume of the unit ball in R¢. The first inequality is due
to the immediate upper bound

ZN < ZN-—s.
Let us prove the second inequality. We have by definition
Zop1 = /d | H llxi—xj|>s dXs+1.-
T\ cizj<st
By Fubini’s equality, we deduce
ZS-H:/ / H 1|x,-—xx+1|>s dxsy1 H llxi—Xj\>s dXs.
TE\JTN (2 l<i#j<s
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Since
/ H 1y xop>e | dxsp1 > 1— Kase?,
T \i<i<s
we deduce the lower bound
Zon1 2 Zy(1 = kase?) = Zy(1 = kaea),
where we used s < N and the scaling Ne?~! = «. This implies by induction
Zy = Zn—(1 — sakg)’.

That proves (7.1).
e Second step: convergence of the marginals.

Let us introduce the short-hand notation
dZ(s—I—l,N) = dZs_H cee dZN.
We compute for s < N

MO (Zy)

sd
- B\? B
= Zy'1z.emy (E exp (= 1Vsl?
(N—s)d N
B\ ? p 2
L P 2 ) av,
X/Rd(NS) (27T exp 3 Z |vi (s+1,N)

i=s+1

S /rd(N—:) H llxi—xj|>s H llxi/—xj/ se | X dX(54+1,N)-

s+1<i#j<N i'<s<j’

We deduce, by symmetry,

M = 2317, cps M (ZN_S _z (1.2)

b
(s+1,N)

with the notation

b —
Z(s+1,N)‘_/d(N_Y) 1- H Lyi—xji>e H Ly —xo>e dX (s41,N).-
et i<s<j s+1<k#AL<N
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From there, the difference 17, epsM ®s _ M](\f) decomposes as a sum
lz,epsM® — M) = (1 — Z;IZN_S) 1z, cps M®*
+Z3' 2 1 o lzeps MO (7.3)
By (7.1), there holds 1 — ZI;IZN_S — 0as N — oo, for fixed s. Since M®*

is uniformly bounded, this implies that the first term in the right-hand side of
(7.3) tends to 0 as N goes to oco. Besides, by

0<1- H l\xi—xj'|>s = Z 1|Xi—)€j|<“3’

iss<j i<s<j
we bound
b
Z(S—H,N)
S Z /dN ) Z 1|x,-—xj|<5 H llxk_xll>8 dX(S+1,N)-
1<i<s VT \origj<n s+1<k#(<N

Given 1 <i < s, there holds by symmetry and Fubini’s equality,

/Td(N_T) z Ljxi—xj|<e H 1y x> dX(541,N)

s+HI<j<N s+1<k#I<N

= (N_S)/ llxi—xs+1|<s dxs—l—l/ | | llxk—x1|>8 dX(s—i—Z,N)
Td Td(Nfsfl)
s+2<k#I<N

= (N —y) /d 1|x,‘—xx+1|<s dxsy1 X ZN—g5-1,
T

so that
b
Zirny SSN —9)elcaZy 5. (7.4)
By (7.1), we obtain
z-12b < gusK (1 — suk )_(s+1)
N “(+1,N) = d d ’

and the upper bound tends to 0 as N — oo, for fixed s. This implies conver-
gence to O of the second term in the right-hand side of (7.3).
This completes the proof of Proposition 3.2.
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8 Appendix B: Recollisions in the torus

We show here how to adapt the arguments of [21] to prove Lemma 5.2.

e To build the set of “bad velocities”, we use the correspondence between
the torus and the whole space with periodic structure. Asking that there
exists u € [0, 7] such that

d((x1 —viu), (x2 — vu)) < e,

boils down to having
(x1 = viu) — (x2 — vou) € |_J Be(k).
kezd
Then, by the triangular inequality and provided that ¢ < a,
(@} — viw) — (3 —vau) € | Bza (k).
keZd

Now, since |v] — vz| < 2FE and u € [0, ¢], this implies that

s(v] — ) € U B3z (xY — x§ + k) | N By(2E1).
keZd
In other words, v; — v, has to belong to a finite union of cones of vertex 0

e At most one of which is of solid angle (a/ g0)?~ 1L

o The other ones (at most (4E1)?) are of solid angle ¢ ad1.

The intersection K (X1 — X3, €9, a) of these cones and of the sphere of radius
2F is of size

7 \d—1
|K (%) — %2, £0,a@)| < CE? ((ﬁ) + (Et)dc'zd‘l) :
€0

e In order to prove the second estimate, we need to refine a little bit the
previous argument. Asking that there exists u € [§, ¢] such that

d((x1 —viu), (x2 — vou)) < &o,
boils down to having
u(vy — v2) € Bygy(x¥ — x9 4 k), (8.1)

for some k € Z4 N BZE,(xg — x?).
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o If |x? — xg + k| > 1/4, condition (8.1) implies that v; — v, belongs to
the intersection of B (0) and some cone of vertex 0 and solid angle
d—1
80 .
o If |x? — xg + k| < 1/4 (which can happen only for one value of k),
denoting by n any unit vector normal to x; — x> + k, we deduce from
(8.1) that

ul(vp —v2) - n| < 3gg
from which we deduce that v; — v, belongs to the intersection of B, g (0)

and some cylinder of radius (/3.
The union K (x? — xg, &0, a) of these “bad” sets is therefore of size

eo\d—1
K5 () — 29, 80, @)| < CE ((30) N Ed—l(E[)dgod_l) |

The lemma is proved. O
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